The reduction of the ideal MHD equations to a scalar elliptic equation ("^-equation") is discussed for an axisymmetric equilibrium with an incompressible subcritical flow field. First it is shown that the most general equilibrium of this type can be obtained by a numerical solution for the case of a purely toroidal motion ("isorotation"); it is defined by prescribing three flux functions. Then a gauge transformation c(¥0 corresponding to a re-labeling of the flux surfaces (which are kept fixed) allows one to introduce a finite subcritical poloidal flow which minimizes the total energy content. Finally a nonlinear analytical model problem is used to test the efficiency of a numerical procedure for solving the ^-equation; fast convergence and good results are obtained with a Newton-type iteration which has been discretized by the finite element method.
Introduction
In a high-temperature plasma two w idely sepa rated time scales are usually assumed to be im portant: One refers to the establishment o f the force balance as described by the equations o f ideal magnetohydrodynamics (M HD); the other and longer one is associated with dissipative processes like heat conduction, electric resistivity or viscous drag. A "quiet" toroidal plasma is, therefore, usually described by a static M H D-equilibrium ; a small flow velocity may then be determined afterwards by considering a steady state with sources and sinks in the balance equations [1] . But nowadays the heating power (e.g. by neutral beams) and, consequently, the losses are so high that it is o f interest to consider MHD equilibria including a stationary flow field. Recently a numerical scheme has been described and used to obtain such a stationary M HD equilibrium [ interest [3] , Secondly, the stationary equilibrium is specified by five "flux functions" (i.e. func tions o f *F) instead o f two in the case o f an axi symmetric static equilibrium , so it is more dif ficult to specify a solution which is both m athe matically well-behaved and realizable by a physical experiment. It is, therefore, not probable that this type o f treatment will becom e a standard procedure like the calculation o f static equilibria. On the other hand, the confinement usually becom es worse with increasing heating power; a measured toroidal Mach number o f 0.6 with respect to the local sound velocity [4] is already a high value, and it may turn out that a better strategy will keep the velocities smaller. It is then o f interest to know some sim ple m odifications o f the usual codes for static equilibria in order to include m odest velocities.
In analogy to hydrodynamics one could think o f incompressible flows; they can be realized if the flow velocity is sufficiently smaller than the local sound velocity. In this case the poloidal Alfven Mach number is sm aller than /?{/2 where ßv is the poloidal plasma beta. This means that for presentday Tokamaks with /?p~0 ( l ) the incompressible flow in the poloidal (or m eridional) plane is also subcritical with respect to the local poloidal Alfven velocity. Here we will concentrate the discussion on this case though situations with ßp P \ -including astrophysical plasmas like the interior part o f stars -may also be treated similarly. Like in the case o f a static equilibrium (e.g. [5] - [7] ) the basic equations for an axisym m etric stationary equilibrium have been derived and discussed several times before the 0340-4811 / 8 6 / 0700-0883 $ 01.30/0. -Please order a reprint rather than making your own copy.
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computational means o f solving them where avail able. Chandrasekhar [8] and Woltjer [9] derived equations for the case o f an incom pressible flow; later on the equations for adiabatic flows have also been considered ( [ 10] - [ 12] ), and since that time several analytic solutions have been found ([ 13] - [ 15] ). Moreover, the case o f a purely toroidal flow (which is numerically more accessible) has also been solved with the computer in [16] . The number o f free flux functions and the stability problem of such solutions has been discussed in [17] - [19] .
But it seems that in the more m odest problem o f an incompressible axisymmetric stationary flow several inherent sim plifications have not yet been observed; they are discussed in Sections 2 -6 . For the convenience o f the reader we derive the scalar flux equation (A 36) in the appendix for the partic ular case where the temperature is assumed to be a flux function; this is in agreement with the usual reasoning and corresponds to adiabatic pressure variatiöns with index y = 1 if the equation of state for an ideal gas is used. In order to save the symmetry between magnetic and hydrodynamic flux functions, we follow Morozov and S olov'ev [11] and assume that all flux functions depend on a func tion c , which is not further specified; it may be viewed as a gauge transformation in the sense that the flux surfaces are not changed (the physical quantities, however, are changed). With som e effort it can be shown that our Eq. (A.36) is the same as the corresponding eq. (II) p. 283 o f S olov'ev [12] , and as a '/'-equation it is also the same as eq. (7) o f Hameiri [19] for y = 1. Section 2 shows the con straints introduced by the incom pressibility assump tion; the most important one is the requirement that the plasma density g0 becom es a flux function. In Sect. 3 the ^-equation is given for this case. It can be solved in principle by specifying only three flux functions within a particular gauge £ (Y) if gravita tion is neglected (Section 4). These flux functions can be characterized as follows: Assume that a static equilibrium defined by the two flux functions p0 (pressure) and / 0 (poloidal current) begins to rotate around the symmetry axis, each flux surface rotat ing with a particular angular frequency co0 ("iso rotation"). Then this new state can be calculated by solving the corresponding c-equation in which p0 is increased by the energy density o f the toroidal motion, (1/2) g0 R2cbo (R is the distance from the symmetry axis). This particular state which is characterized by the three flux functions p0, 70, and 00^0 represents already the most general state since any poloidal m otion can -after having obtained numerically the isorotation solution -be obtained by an appropriate gauge transformation £ ( ¥ 0 . In Sect. 5 the variational principle for the ^-equation is derived, and Sect. 6 shows the following property of the gauge transformation: For any isorotation solu tion with ai0 i 0 there exists another solution with finite subcritical poloidal flow which minimizes the total energy o f the system (keeping the flux surfaces fixed in space). This suggests the point o f view that any isorotation solution is only a mathematical tool to define the flux surfaces; a real system will try to relax to a state with nonzero poloidal and toroidal velocity components.
The remaining part o f the paper is devoted to the task o f solving the c-equation numerically. The prob lem is, in the subcritical range, formally the same as in the static case: One has to solve a nonlinear elliptic boundary value problem. A particular dif ficulty is due to the possibility that several solutions may exist (bifurcation and parameter limits). This has been discussed several times (e.g. in [20] - [ 22] ) and will not be treated here; a simple condition for the "source term" guarantees the uniqueness o f a solution and is adopted here. Then the question remains how to estimate the numerical error in troduced by iteration and discretization. In Sect. 7 we discuss a particular combination o f both itera tion and discretization: Since each iteration scheme assumes a good approximation (the preceding itera tion, £"), one knows already a good coordinate sys tem defined by the flux contours o f and some radial lines crossing them [2] , Since also a varia tional principle is available one may discretize the problem by finite elements, improving the set of grid points at every step o f the iteration. The matrix which has to be inverted in this step is then easily improved in order to solve the linearized problem exactly. This New ton iteration has been used in astrophysics long ago ("Henyey iteration" [23] ), and also more recently [24] in the case o f a parameter lim it for the equilibrium . In Sect. 8 we solve a nonlinear analytical test problem numerically and compare the observed numerical error with theo retical predictions. It turns out that the iteration scheme using 1 4 x 2 8 grid points converts an initial mean error o f 100 percent into 0.3 percent after 6 iterations. 
Let us now evaluate the condition o f incompres sibility; due to axisym m etry it reads as follows:
From (1) and (2) we find then
(5) (6) This means that the density g is also a function o f alone ("flux function"), and we will denote all flux functions from now on by a subscript zero. The same holds also for the poloidal Mach-number A/,
Q =Qo

M= M,
for incom pressible poloidal flow .
(7)
If we assume that the stationary equilibrium is generated from a static equilibrium by "switching on" a velocity Field according to ( 
The prime o f any quantity, say F. means its total derivative with respect to c according to the follow ing rule:
Equation for Flux Surfaces
(Vc)2 ( 
12)
Besides the gravitational potential <£ the following quantities appear in ( 11) : 
where the bracket has been defined by (A.9). Therefore, we have simply to replace the term T0\no in Bernoulli's law (A.26) by (p/go). Besides this we may define an "unperturbed pressure" Po associated with the static equilibrium (also with </> = 0) by Uo = Po/Qo-Then the new Bernoulli law may be read as an equation o f state for P, namely:
It is now easy to evaluate all constraints also for the new case o = q0\ e.g. for we find from (A. 10), (A.18). and (A.21): 
Po =Po~ Veo/4 n (bo h Mo , We may afterwards specify q0 and M0 and calculate the associated functions p0, 70, and co0-For a positive po we will always find a positive pQ if cOoIqMo ^ 0. On physical reasons { 0^0 for a selfgravitating system) we will then always have the case V ^ 0.
Variational Principle and Uniqueness o f Solutions
For the numerical solution o f partial differential equations it is often helpful to find a variational formulation. Consider the following functional o f q:
The volume V is assumed to be generated by the rotation o f a poloidal area F around the axis o f symmetry (F should not contain this axis). Since all functions are considered to be independent o f ( we may also use the replacement
The first variation o f W is given as follows:
Permuting < 5 and V in the first term, and performing a partial integration with vanishing contribution at the boundary dV (since there <5<; should vanish) we find, using (A.23 a):
* Strictly speaking, the frequency is -co0, see (9) . 
In the last equation we find two contributions in the curly bracket: The first one has the same i n dependence as E± while the second one is mono tonically decreasing with increasing M0 (^1 ) if the following condition holds: 
where R0 is an average distance o f the flux surface from the z-axis. This, however, means that the purely toroidal m otion reaches the order o f the toroidal Alfven velocity, a case which is only o f interest for a high-beta plasma. In the case o f a tokamak we have to expect G0\/F0 < 1, and, there fore, the effect o f the poloidal velocity will be small.
Numerical Methods for Solving the €-Equation
Two essential steps are necessary before a numer ical solution of (24) 
Let us see how the error is iterated by this proce dure. We define [20] (54)
as the error o f the «th step; then we find after some algebra to lowest order in en:
The iteration error decreases quadratically in e", as was expected; a further evaluation o f £" + , is given in the next section.
To get a finite representation o f the iteration scheme we first formulate (51) as a variational problem:
Find c" + 1 with /"(£" + 1) /" (£ ) for every choice o f £ and with
I n ( 0
One im mediately sees that the functions ^ adm iss ible to this formulation only need to have a L2-integrable 1 first derivative (and must no longer be twice differentiable), or more m athem atically spoken: We can enlarge the space o f functions admissible to this problem to the Sobolev-space2 HÖ; m inimizing / " in the enlarged space Hq leads then to the so-called weak solutions. 
For the numerical approach we restrict the space o f admissible functions HÖ to a finite dimensional subspace Vh characterized by its basis functions ht(R,z).
So every < ;h e Vh
ds dt
To exhaust the approximation properties o f the finite elements we rearrange the grid after each iteration step, so that every shell o f the grid cor responds to a contour line o f the approxim ate solution. This is useful for solutions having strong gradients.
Convergence Properties and Test Problem
To investigate the convergence o f our discrete iteration scheme (60), one has to take a closer look at the distance between the solution o f the whole problem and the «th iterate o f the discrete scheme (60) cJl in a suitable norm; we choose the L2-norm which is possible since our adm issible function space is Hq.
We put: 
For the solution o f the discrete iteration we can now make a similar analysis as we did in Sect. 7 for en. After some algebra we obtain up to an accuracy o f order two
£d E = A £d E 3 N elements represent N + 1 grid points.
(67) Table 1 , run IV). Beginning with a sufficiently small en (for run IV: e1), we found K to be o f order 1 for run IV using = en -e*. This is the same order that we obtained by estimating the factor o f el in (55). So we are sure that the code works well though the effects o f grid rearrangement and special handling o f the central R value are not included in the formula for the total error e". 
